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Abstract
Let g be the Gauss measure on Rd and L the Ornstein–Uhlenbeck operator. For every
p in ½1;NÞ\f2g; set fp ¼ arcsinj2=p  1j; and consider the sector Sfp ¼ fzAC : jarg zjofpg:
The main results of this paper are the following. If p is in ð1;NÞ\f2g; and
supt40 ;MðtLÞ;L pðgÞoN; i.e., if M is an L pðgÞ uniform spectral multiplier of L in our
terminology, and M is continuous on Rþ; then M extends to a bounded holomorphic function
on the sector Sfp : Furthermore, if p ¼ 1 a spectral multiplier M; continuous on Rþ; satisﬁes
the condition supt40 ;MðtLÞ;L1ðgÞoN if and only if M extends to a bounded holomorphic
function on the right half-plane, and its boundary value MðiÞ on the imaginary axis is the
Euclidean Fourier transform of a ﬁnite Borel measure on the real line. We prove similar results
for uniform spectral multipliers of second order elliptic differential operators in divergence
form on Rd belonging to a wide class, which contains L: From these results we deduce that
operators in this class do not admit an HN functional calculus in sectors smaller than Sfp :
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0. Introduction
In this paper we continue the analysis of spectral multipliers of the Ornstein–
Uhlenbeck operator, begun in [10]. We consider the Gauss measure on Rd ; i.e., the
probability measure g; deﬁned by
dgðxÞ ¼ pd=2 expðjxj2Þ dlðxÞ;
where l denotes the Lebesgue measure on Rd : The Ornstein–Uhlenbeck operator
 1
2
Dþ x  r
is essentially self-adjoint in L2ðgÞ: Its closure L has spectral resolution
Lf ¼
XN
n¼0
nPn f 8fADom ðLÞ;
where Pn is the orthogonal projection onto the linear span of Hermite polynomials
of degree n in d variables. Suppose that M :N-C is a bounded sequence. The
operator MðLÞ; deﬁned by
MðLÞf ¼
XN
n¼0
MðnÞPn f 8fAL2ðgÞ
is bounded on L2ðgÞ by the spectral theorem. We call MðLÞ the spectral operator
associated to the spectral multiplier M: If MðLÞ extends to a bounded operator on
L pðgÞ for some p in ½1;NÞ; we say that M is an L pðgÞ spectral multiplier. An
interesting problem, which has been investigated in [10], is to ﬁnd conditions that
imply that M is an L pðgÞ spectral multiplier. These conditions are sometimes
expressed in terms of spaces of holomorphic functions. If c is in ð0; pÞ; we denote by
Sc the open sector
fzAC : jarg zjocg
and by HNðScÞ the space of bounded holomorphic functions on Sc: Suppose that c
is in ð0; pÞ; and that r is in ½1;NÞ: We say that L admits an HNðScÞ functional
calculus in LrðgÞ if the following holds: for every bounded sequence M : N-C;
which is the restriction to N\f0g of a function M˜ in HNðScÞ; the operator MðLÞ
extends to a bounded operator on LrðgÞ:
The main result of [10] is that if p is in ð1;NÞ\f2g; and fp ¼ arcsinj2=p  1j; then
L admits a HNðSfpÞ functional calculus in LrðgÞ for all r such that j1=r 
1=2joj1=p  1=2j (actually [10] contains a reﬁned version of this statement). It may
be worth noticing that this result requires holomorphy in a sector smaller than that
required in the result of Cowling [4], which holds for generators of general
submarkovian semigroups.
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Now, observe that for every p in ð1;NÞ the L pðgÞ spectrum ofL is N [6, p. 115].
Notice that D2 on the torus, or, more generally, the (negative) Laplace–Beltrami
operator on compact Riemannian manifolds, have L p spectral properties similar to
those of L; but a much richer functional calculus. In particular, they admit a
Mihlin–Ho¨rmander functional calculus in L p for every p in ð1;NÞ; i.e., functions
satisfying a Mihlin–Ho¨rmander condition of sufﬁciently high order are L p spectral
multipliers. Recall that a function M˜ : Rþ-C; is said to satisfy a Mihlin–Ho¨rmander
condition of order J; if
sup
R40
Z 2R
R
jl jD jM˜ðlÞj2 dloN 8jAf0; 1;y; Jg:
In view of the spectral properties ofL; it may be surprising that if p is in ð1;NÞ\2;
then L does not admit a Mihlin–Ho¨rmander differentiable calculus, or even
a HNðScÞ functional calculus in L pðgÞ for any cofp: Indeed, for each p and c
as above, there exists a function M in HNðScÞ which has exponential decay at
inﬁnity with all its derivatives, but fails to be a L pðgÞ spectral multiplier of L
[10, Theorem 2].
A natural question is now whether L pðgÞ spectral multipliers of L extend to
bounded holomorphic functions in some region containing the positive real half line,
speciﬁcally to a bounded holomorphic function in HNðSfpÞ: The purpose of this
paper is to analyse this question and to ﬁnd conditions on the L pðgÞ spectral
multiplier M; that force M to extend to a holomorphic function in some sector
containing the positive real line.
It is known that there are operators for which every spectral multiplier
of L p; pa2; extends to a holomorphic function in some open neighbourhood
of the L2 spectrum in the complex plane. Operators with this property are
said to be of holomorphic L p type. An important class of such operators
are the invariant Laplace–Beltrami operators on symmetric spaces of the
noncompact type [3]. The problem of the existence of a nonholomorphic
functional calculus for generators of Markov semigroups has attracted considerable
attention in recent years. So far, only a few examples besides the case of
sublaplacians on Lie groups of polynomial growth have been understood; see, for
instance [2,11,12]. In Corollary 3.2 below, we shall prove that if p is in ½1;NÞ; then
every L pðgÞ spectral multiplier of L extends to a holomorphic function in a ﬁxed
neighbourhood V of the half line ½0;NÞ; by showing that N is a universal
interpolating sequence [7, Chapter 9] for HNðVÞ: Thus, if p is in ½1;NÞ; thenL is of
holomorphic L pðgÞ type. However, we do not know whether holomorphy in a sector
containing the positive real axis is a necessary requirement for M to be an L pðgÞ
spectral multiplier of L:
We prove that holomorphy in a sector containing the positive real
axis is a necessary requirement for L pðgÞ spectral multipliers of L
satisfying a certain uniformity condition. Indeed, one of the main results
of this paper, Theorem 3.5 below, states that if p is in ð1;NÞ\f2g; M is
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continuous on Rþ and
sup
t40
;MðtLÞ;
L pðgÞoN; ð0:1Þ
then M extends to a holomorphic function in the sector Sfp : A spectral multiplier
such that (0.1) holds is said to be a L pðgÞ uniform spectral multiplier of L:
Furthermore, we show that L1ðgÞ uniform spectral multipliers, which are
continuous on Rþ; may be characterised as bounded holomorphic functions in the
half-plane Re z40; whose boundary values on the imaginary axis are Fourier
transforms of ﬁnite measures on R supported in ½0;NÞ:
Notice that every L pðlÞ spectral multiplier of the standard (negative deﬁnite)
Laplacean D on Rd is uniform, because ;MðtDÞ;
L pðlÞ is independent of t:
We remark that condition (0.1) arises quite naturally when considering the
analogue of some classical method of summation for the eigenfunction expansion of
L; like the Riesz means. Speciﬁcally, for every complex z such that Re zX0; let
Rz : ½0;NÞ-C denote the function
RzðsÞ ¼ ð1 sÞzþ: ð0:2Þ
The Riesz means of order z associated toL is the one-parameter family of operators
fRzðtLÞgt40: Since Rz is compactly supported, and the spectral projections Pn ofL
are bounded on L pðgÞ for every p in ð1;NÞ [1], RzðtLÞ extends to a bounded
operator on L pðgÞ for every p in ð1;NÞ: A natural problem is to determine whether
RzðtLÞf converges to f in the L pðgÞ norm for every f in L pðgÞ: By the uniform
boundedness principle, this happens if and only if Rz is a L
pðgÞ uniform spectral
multiplier of L: Thus, a remarkable consequence of Theorem 3.5 is that the Riesz
method of summation for the eigenfunction expansion of L fails to converge in
L pðgÞ whenever p is in ð1;NÞ\f2g:
An important feature of our methods is that they can be adapted to show that
similar results hold for a fairly wide class of elliptic operators in divergence form on
Rd which contains the Ornstein–Uhlenbeck operator as a special case (see Theorem
4.3). This class consists of the self-adjoint operators Lj; associated to the Dirichlet
forms
Qjð f Þ ¼
Z
Rd
jrf j2 ej dl;
where j is an admissible weight (see the beginning of Section 4 for the deﬁnition).
It is well known that the existence of an HN functional calculus in L p for a
sectorial operator is related to the growth of the L p operator norm of its imaginary
powers (see, for instance [4,5,10,14]). For every u in R let Mu denote the function,
deﬁned by
Muð0Þ ¼ 0 and MuðlÞ ¼ liu 8lARþ: ð0:3Þ
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As a byproduct of our methods, we prove that
;MuðLjÞ;L pðmjÞXexpðfpjujÞ 8uAR;
which implies that Lj does not admit an HNðScÞ functional calculus for cofp:
This was proved in [10] for the Ornstein–Uhlenbeck operatorL; by using the result
of Epperson [8] concerning the region of holomorphy of the semigroup generated
by L:
Our paper is organised as follows. Section 1 contains some notation and
terminology.
In Section 2 we analyse the operator Dþ 2@1 on Rd ; which is self-adjoint in
L2ðgNÞ; where dgNðxÞ ¼ e2x1dlðxÞ; and show that the associated L pðgNÞ spectral
multipliers extend to bounded holomorphic functions on a parabolic region of the
complex plane which depends on p; and that L pðgNÞ uniform spectral multipliers of
Dþ 2@1 extend to holomorphic functions in the sector Sfp :
We apply these results to the study of L p uniform spectral multipliers of a class of
self-adjoint operators on Rd ; which contains the d-dimensional Ornstein–Uhlenbeck
operator. This special case is treated in Section 3, while the details of the general case
are deferred to Section 4.
Finally, Section 5 contains lower bounds for the L p operator norm of the
imaginary powers of the operators considered in Section 4. As a consequence, we
deduce that these operators do not admit HN functional calculus on sectors smaller
than the critical sector Sfp :
1. Notation and terminology
For every c in ð0; pÞ let Sc denote the open sector
fzAC : jarg zjocg
and for every c40 let Rc denote the strip
fzAC : jIm zjocg:
For each y in ð0; p=2Þ; let y denote the complementary angle of y; i.e.,
y ¼ p=2 y: For each p in ½1;N; we deﬁne fp ¼ arccosj2=p  1j; thus fp ¼
arcsin j2=p  1j:
If x is in Rd ; its components with respect to the canonical basis e1;y; ed of Rd are
denoted by x1;y; xd : Correspondingly, we denote by @j the partial derivative in the
direction ej ; by r the gradient ð@1;y; @dÞ; and by D the standard (negative deﬁnite)
Laplacean on Rd :
If m is a measure, p is in ½1;N; andT is a bounded operator on L pðmÞ; we write
;T;
L pðmÞ; or simply ;T;p; for its operator norm. Suppose that k is a tempered
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distribution on Rd ; and that the convolution operator Kð f Þ ¼ k  f ; initially
deﬁned on the Schwartz classSðRdÞ; extends to a bounded operator on L pðlÞ: Then
we say that k is an L pðlÞ convolutor, and we denote by jjkjjCvpðRd Þ the operator
norm of the extension ofK to L pðlÞ: If f is in L1ðlÞ; then its Fourier transform fˆ is
deﬁned by
fˆðxÞ ¼
Z
Rd
f ðxÞ eixx dlðxÞ:
If k is a convolutor of L pðlÞ; we say that kˆ is an L pðlÞ multiplier, and write
jjkˆjjMpðRd Þ for ;K;L pðlÞ:
Positive constants are denoted by C; these may differ from one line to another and
may depend on any quantiﬁers written implicitly or explicitly before the relevant
formula.
2. Spectral multipliers of the operator D þ 2@1 on Rd
For each a in R; let ea denote the exponential function
eaðxÞ ¼ eax1 8xARd
and gN the Borel measure on R
d ; given by the formula
dgN ¼ e2 dl:
We consider the Dirichlet form
QNð f Þ ¼
Z
Rd
jrf j2 dgN 8fACNc ðRdÞ:
By very general results (see, for instance [6, Theorem 1.2.5]), QN is the form of the
self-adjoint operator
LN ¼ Dþ 2@1
on the closure of CNc ðRdÞ in L pðgNÞ:
Let F : C Rd1-C denote the map Fðx1; x2;y; xdÞ ¼ x21 þ x22 þ?þ x2d þ 1:
For every c40; let Pc denote the image of Rc  Rd1 under F: A simple
computation shows that Pc is the parabolic region
ðx; yÞAR2 : x4 y
2
4c2
þ 1 c2
 
;
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and that the boundary of Rc  Rd1 is mapped onto the boundary of Pc: It is
immediate to check that if p is in ½1;NÞ\f2g; then
Pj2=p1j ¼ ðx; yÞAR2 : x4 y
2
4 sin2 fp
þ cos2 fp
( )
:
In Theorem 2.1 below we characterise L pðgNÞ spectral multipliers ofLN in terms
of L pðlÞ Euclidean Fourier multipliers. The study of L pðgNÞ uniform spectral
multipliers of LN is deferred to Theorem 2.2 below.
Theorem 2.1. Suppose that p is in ½1;NÞ\f2g; and that M :Rþ-C is a bounded Borel
measurable function. The following are equivalent:
(i) M is an L pðgNÞ spectral multiplier of LN;
(ii) M extends to a bounded holomorphic function on the parabolic region Pj2=p1j and
the functions ðM3FÞð þ ij2=p  1je1Þ; and ðM3FÞð  ij2=p  1je1Þ are L pðlÞ
multipliers of the Euclidean Fourier transform. Furthermore,
;MðLNÞ;L pðgNÞ ¼ jjðM3FÞð þ ij2=p  1je1ÞjjMpðRd Þ:
Proof. For each p in ½1;NÞ; we consider the isometryUp : L pðlÞ-L pðgNÞ; deﬁned by
Up f ¼ e2=p f 8fAL pðlÞ:
The operator U12 LNU2 is self-adjoint on its domain
f fAL2ðlÞ :U2 fADomðLNÞg;
and the L2ðlÞ spectrum of U12 LNU2 coincides with the L2ðgNÞ spectrum ofLN: An
easy calculation shows that
U12 LNU2 ¼ Dþ 1:
Hence, for every bounded Borel function M on Rþ
U12 MðLNÞU2 ¼ MðDþ 1Þ;
by the spectral theorem. Since Dþ 1 is a constant coefﬁcient operator, it commutes
with translations, and so does MðDþ 1Þ: Therefore, there exists a tempered
distribution k on Rd such that
MðDþ 1Þf ¼ k  f 8fASðRdÞ:
We claim that MðLNÞ is L pðgNÞ-bounded if and only if e12=pk convolves L pðlÞ
into itself, and that
jje12=pkjjCvpðRd Þ ¼ ;MðLNÞ;L pðgNÞ:
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Indeed, observe that for any test functions f and g
/U1p MðLNÞUp f ; gS ¼/U1p U2MðDþ 1ÞU12 Up f ; gS
¼/MðDþ 1ÞU12 Up f ;U2U1p gS
¼/k  ðU12 Up f Þ;U2U1p gS;
where / ; S denotes the pairing between distributions and test functions on Rd : Now,
U12 Up f ¼ e2=p1 f :
Since multiplication by a character commutes with convolution, we obtain the formula
/U1p MðLNÞUp f ; gS ¼ /ðe12=pkÞ  f ; gS 8f ; gACNc ðRdÞ: ð2:1Þ
A standard density argument shows that e12=pk is in CvpðRdÞ if and only if MðLNÞ is
L pðgNÞ bounded and that
jje12=pkjjCvpðRd Þ ¼ ;MðLNÞ;L pðgNÞ;
as claimed.
Let p0 denote the index conjugate to p: We claim that e12=p0k convolves L pðlÞ into
itself.
Indeed, ﬁrst observe that k is radial, because
kˆðxÞ ¼ Mðjxj2 þ 1Þ 8xARd : ð2:2Þ
Then, note that e12=pk convolves L pðlÞ into itself if and only if ðe12=pkÞ3 does;
here F3ðxÞ ¼ FðxÞ: Moreover
jje12=pkjjCvpðRd Þ ¼ jjðe12=p kÞ
3jjCvpðRd Þ:
Finally, notice that
ðe12=p kÞ3 ¼ e12=p0 k;
and the claim is proved.
By Stein’s complex interpolation theorem, eak convolves L
pðlÞ into itself, hence
L2ðlÞ into itself, for all a in ½j2=p  1j; j2=p  1j: Thus, kˆ extends to a bounded
function on Rj2=p1j  Rd1; holomorphic in the ﬁrst variable and kˆð þ iae1Þ is an
L pðlÞ multiplier for all a in ½j2=p  1j; j2=p  1j: Since kˆ ¼ M3F by (2.2),
ðM3FÞð þ iae1Þ is an L pðlÞ multiplier for all a in ½j2=p  1j; j2=p  1j; and
;MðLNÞ;L pðgNÞ ¼ jjðM3FÞð þ ij2=p  1je1ÞjjMpðRd Þ:
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Recall that F maps Rj2=p1j  Rd1 onto Pj2=p1j and observe that for every
ðx2;y; xdÞARd1; Fð; x2;y; xdÞ is locally invertible in a neighbourhood of each
point x1a0; because @x1Fðx1; x2;y; xdÞa0:
If, in particular, x2 ¼? ¼ xd ¼ 0; then the local invertibility of Fð; x2;y; xdÞ
implies that M extends to a function holomorphic in Pj2=p1j\f1g: Since M is
bounded, 1 is a removable singularity for M; and M may be extended to a
holomorphic function in Pj2=p1j; as required. &
Theorem 2.2. Suppose that M : Rþ-C is a bounded Borel measurable function. The
following hold:
(i) if p is in ð1;NÞ\f2g and supt40 ;MðtLNÞ;L pðgNÞoN; then M extends to a
bounded holomorphic function in the sector Sfp ; and
jjMjjHNðSfp Þp supt40 ;MðtLNÞ;L pðgNÞ;
(ii) supt40 ;MðtLNÞ;L1ðgNÞoN if and only if M extends to a bounded holomorphic
function in the half-plane Sp=2; and Mð2iÞ is the Fourier transform of a finite
measure mM on R; supported in ½0;NÞ: Furthermore,
jjmM jjMðRÞ ¼ sup
t40
;MðtLNÞ;L1ðgNÞ:
Proof. First we prove (i). From Theorem 2.1 we deduce that for every t40 the
function MðtÞ is holomorphic and bounded on Pj2=p1j; so that M is holomorphic
and bounded on sPj2=p1j for every s40; with bound independent of s; hence onS
s40 ðsPj2=p1jÞ: It is straightforward to check that the tangent lines to the boundary
of Pj2=p1j through the origin have slopes fp and fp: Thus,
S
s40 ðsPj2=p1jÞ is the
set Sfp : To conclude the proof of (ii) remains to prove the required norm inequality.
Recall that an L pðlÞ multiplier of the Euclidean Fourier transform is also an L2ðlÞ
multiplier and that the injection from the Banach space of L pðlÞ multipliers to the
Banach space of L2ðlÞ multipliers is a non expansive map. Therefore,
;MðLNÞ;L pðgNÞ ¼ jjðM3FÞð þ ij2=p  1je1ÞjjMpðRd Þ
X jjðM3FÞð þ ij2=p  1je1ÞjjM2ðRd Þ
¼ jjðM3FÞð þ ij2=p  1je1ÞjjN
¼ jjMjjHNðPj2=p1jÞ:
Similarly, for every t40
;MðtLNÞ;L pðgNÞXjjMjjHNðt1Pj2=p1jÞ;
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so that
sup
t40
;MðtLNÞ;L pðgNÞXjjMjjHNðSfp Þ;
thereby concluding the proof of (ii).
Next, we prove (ii). Suppose that M is in HNðSp=2Þ and that MðiÞ is the
Euclidean Fourier transform of the ﬁnite measure mM on R; which is supported in
½0;NÞ: Then MðitÞ is the Fourier transform of the measure mt; deﬁned by
/mt; fS ¼
Z
½0;NÞ
f ðtxÞ dmMðxÞ:
Thus, for every t40
MðitlÞ ¼
Z
½0;NÞ
eisl dmtðsÞ 8lAR;
whence
MðtlÞ ¼
Z
½0;NÞ
esl dmtðsÞ
¼
Z
½0;NÞ
estl dmMðsÞ 8lA½0;NÞ:
Then
MðtLNÞ ¼
Z
½0;NÞ
estLN dmMðsÞ
by spectral theory. SinceLN is the generator of a symmetric contraction semigroup,
the last integral may be interpreted as a convergent Bochner integral in L1ðgNÞ; and
;MðtLNÞ;L1ðgNÞp
Z
½0;NÞ
;estLN;
L1ðgNÞ djm
M jðsÞ
p jjmM jjMðRÞ;
where jjmM jjMðRÞ denotes the total variation of the measure mM : Therefore,
sup
t40
;MðtLNÞ;L1ðgNÞpjjm
M jjMðRÞ; ð2:3Þ
and M is a L1ðgNÞ uniform spectral multiplier, as required.
Conversely, suppose that M is a L1ðgNÞ uniform spectral multiplier ofLN: Then
MðtÞ is a L1ðgNÞ spectral multiplier of LN for every t40: By (i), the function
MðtFð þ ie1ÞÞ is the Fourier transform of a ﬁnite measure on Rd ; say nt; and
jjntjjMðRd Þ ¼ ;MðtLNÞ;L1ðgNÞ: ð2:4Þ
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For each t40; let mt be the tempered distribution, whose Fourier transform is
given by
bmtðxÞ ¼ Mððx21=tÞ þ 2ix1 þ ðx22=tÞ þ?þ ðx2d=tÞÞ:
Observe that
bmtðxÞ ¼ bntðx=tÞ 8tARþ 8xARd ;
thus mt is a ﬁnite measure on R
d ; because it is a dilated and normalised version of nt;
and jjmtjjMðRd Þ ¼ jjntjjMðRd Þ: This and (2.4) imply that
sup
t40
jjmtjjMðRd Þ ¼ sup
t40
;MðtLNÞ;L1ðgNÞ
oN; ð2:5Þ
because M is a L1ðgNÞ uniform spectral multiplier.
Observe that #mt converges in S0ðRdÞ to the bounded function x/Mð2ix1Þ; as t
tends to N: Hence mt converges in S
0ðRdÞ to the inverse Fourier transform of
x/Mð2ix1Þ; say m: Since mt are measures with uniformly bounded norms, m is a
ﬁnite measure; moreover, it is straightforward to check that
jjmjjMðRd Þp sup
t40
jjmtjjMðRd Þ: ð2:6Þ
Now, #m depends only on x1; hence m is of the form mM#d0; where d0 denotes the
Dirac measure in Rd1 concentrated at 0; and mM is a ﬁnite measure on R: Therefore,
x1/Mð2ix1Þ is the one-dimensional Fourier transform of mM ; and jjmjjMðRd Þ ¼
jjmM jjMðRÞ: This equality, and formulae (2.5) and (2.6) imply that
jjmM jjMðRÞp sup
t40
;MðtLNÞ;L1ðgNÞ;
as required to conclude the proof of the second half of (iii). Finally, the last
inequality and (2.3) imply that
jjmM jjMðRÞ ¼ sup
t40
;MðtLNÞ;L1ðgNÞ;
as required to conclude the proof of (iii), and of the theorem. &
3. The d-dimensional Ornstein–Uhlenbeck operator
In this section we prove various results concerning the d-dimensional Ornstein–
Uhlenbeck operator L: In particular, in Proposition 3.1 we show that every L pðgÞ
spectral multiplier of L extends to a bounded holomorphic function on a ﬁxed
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neighbourhood of the half line ½0;NÞ; and in Theorem 3.5 we establish necessary
conditions for a bounded function M on ½0;NÞ; continuous on Rþ; to be a L pðgÞ
uniform spectral multiplier of L:
Let U denote the unit disc in the complex plane. Let j : U-C denote the
holomorphic function
jðzÞ ¼ logð1 zÞ;
where we choose the branch of the logarithm such that log 1 ¼ 0; and call V the
region jðUÞ: It is easy to check that the region V is a convex neighbourhood of the
half line ½0;NÞ; which is contained in the strip fzAC : jIm zjop=2g; and which
approaches this strip asymptotically at inﬁnity. Note also that j is a biholomorphic
mapping between U and V :
Proposition 3.1. Let M : N-C be bounded. Then there exists a function M˜ in HNðVÞ
such that M˜jN ¼ M:
Proof. The inverse image of N via the map j is the sequence of points
zn ¼ 1 en 8nAN:
It is immediate to check that 0 ¼ z0oz1oz2o?; and that
1 znþ1
1 zn ¼
1
e
8nAN:
Therefore fzng is a uniformly separated sequence by a well known criterion
[7, Theorem 9.2]. Hence fzng is a universal interpolating sequence for HNðUÞ by
Carleson’s theorem [7, Theorem 9.1]. Thus, there exists a function f in HNðUÞ such
that
f ðznÞ ¼ MðnÞ 8nAN:
Clearly the function f 3j1; which we call M˜; is in HNðVÞ and
M˜ðznÞ ¼ MðnÞ 8nAN;
as required. &
Corollary 3.2. Suppose that p is in ½1;NÞ: Then every L pðgÞ spectral multiplier of L
extends to a bounded holomorphic function in the region V described above.
Proof. If p is equal to 2, then the result follows immediately from Proposition 3.1
and the fact that a sequence M : N-C is an L2ðgÞ spectral multiplier of L if and
only if it is bounded, by the spectral theorem.
If p is in ½1;NÞ\f2g; and M is an L pðgÞ spectral multiplier of L; then a duality
argument shows that it is also an L p
0 ðgÞ spectral multiplier of L; where p0 denotes
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the index conjugate to p: By interpolation, M is also an L2ðgÞ spectral multiplier of
L; whence it has the required extension property. &
In the rest of this section we shall focus on L pðgÞ uniform spectral multipliers of
L: We shall consider various measures on Rd ; which we now deﬁne. For each a in
Rþ; let ga be the Borel measure on R
d ; deﬁned by
dgaðxÞ ¼ exp 
jxj2
a2
 2x1
 !
dlðxÞ 8xARd :
Correspondingly, we consider the Dirichlet form
Qað f Þ ¼
Z
Rd
jrf j2dga 8fACNc ðRdÞ:
By very general results (see, for instance [6, Theorem 1.2.5]), Qa is the form of a self-
adjoint operator, which we denote by La; on the closure of C
N
c ðRdÞ in L2ðgaÞ:
Moreover,
La f ðxÞ ¼ Df ðxÞ þ 2@1 f ðxÞ þ 2 x
a2
 rf ðxÞ 8fACNc ðRdÞ:
Lemma 3.3. Suppose that p is in ½1;NÞ; and that M : ½0;NÞ-C is a bounded Borel
measurable function. The following hold:
(i) for every a40 and t40
;MðtLaÞ;L pðgaÞ ¼ ;Mððt=2a
2ÞLÞ;
L pðgÞ;
(ii) if M is continuous on the spectrum of LN; then
sup
t40
;MðtLNÞ;L pðgNÞp supt40 ;MðtLÞ;L pðgÞ:
Proof. First we prove (i). It is straightforward to check that Va;p : L
pðgÞ-L pðgaÞ;
deﬁned by
Va;p f ðxÞ ¼ ðadea2Þ1=p f x
a
þ ae1
 
;
is an isometric isomorphism. A straightforward computation shows that if aARþ;
then
V1a;pLaVa;p ¼
1
2a2
L; ð3:1Þ
where L is the d-dimensional Ornstein–Uhlenbeck operator.
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Observe that (3.1) (with p ¼ 2) and the spectral theorem imply that for every t40
V1a;2MðtLaÞVa;2 f ¼ Mððt=2a2ÞLÞf 8fAL2ðgÞ:
Since Va;p is a constant multiple of Va;2; conjugating La by Va;2 is the same as
conjugating La by Va;p: Thus,
jjMððt=2a2ÞLÞf jjL pðgÞ ¼ jjV1a;pMðtLaÞVa;p f jjL pðgÞ
¼ jjMðtLaÞVa;p f jjL pðgaÞ 8fAL2ðgÞ-L pðgÞ;
whence
;MðtLaÞ;L pðgaÞ ¼ ;Mððt=2a
2ÞLÞ;
L pðgÞ
by a density argument, and (i) is proved.
Now we prove (ii). Let Ja : L
2ðgaÞ-L2ðgNÞ be the isometry, deﬁned by
Ja f ðxÞ ¼ ex
2=ð2a2Þ f ðxÞ 8fAL2ðgaÞ:
We claim that for every t40; and every f and g in CNc ðRdÞ
/MðtLNÞf ; gSL2ðgNÞ ¼ lima-N/MðtLaÞJ
1
a f ;J
1
a gSL2ðgaÞ: ð3:2Þ
To prove the claim observe that since La is self-adjoint on L
2ðgaÞ; JaLaJ1a is
self-adjoint on L2ðgNÞ: Moreover, CcðRdÞ is a core for JaLaJ1a ; because it is a
core for La: It is easy to check that
lim
a-N
JaLaJ
1
a f ¼LNf 8fACNc ðRÞ;
where equality is in the L2ðgNÞ sense. By [15, Theorem VIII.25(a)], JaLaJ1a
converges to LN in the strong resolvent sense. Therefore [15, Theorem VIII.20(b)]
implies that the operator MðJaLaJ1a Þ converges strongly to MðLNÞ in L2ðgNÞ:
Therefore for every f and g in CNc ðRdÞ
/MðtLNÞf ; gSL2ðgNÞ ¼ lima-N/MðtJaLaJ
1
a Þf ; gSL2ðgNÞ
¼ lim
a-N
/JaMðtLaÞJ1a f ; gSL2ðgNÞ
¼ lim
a-N
/MðtLaÞJ1a f ;J1a gSL2ðgaÞ;
thereby concluding the proof of the claim.
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From the claim we deduce that
j/MðtLNÞf ; gSL2ðgNÞjp lim infa-N ;MðtLaÞ;L pðgaÞjjJ
1
a f jjL pðgaÞjjJ1a gjjL p0 ðgaÞ
¼ lim inf
a-N
M
t
2a2
L
    
L pðgÞ
jjJ1a f jjL pðgaÞjjJ1a gjjL p0 ðgaÞ;
by Ho¨lder’s inequality and (i). Since f and g are compactly supported, the dominated
convergence theorem implies that
lim
a-N
jjJ1a f jjL pðgaÞ ¼ jj f jjL pðgNÞ and that lima-N jjJ
1
a gjjL p0 ðgaÞ ¼ jjgjjL p0 ðgNÞ:
Thus,
j/MðtLNÞf ; gSL2ðgNÞjp sup
s40
;MðsLÞ;
L pðgÞjj f jjL pðgNÞ jjgjjL p0 ðgNÞ;
now, a density argument shows that for every t40
;MðtLNÞ;L pðgNÞp sups40 ;MðsLÞ;L pðgÞ;
from which the required inequality follows immediately.
The proof of the lemma is complete. &
Remark 3.4. A simple approximation argument shows that Lemma 3.3(ii) holds
under the more general assumption that M be the limit at every point of a sequence
of equibounded continuous functions on Rþ:
Theorem 3.5. Assume that M : ½0;NÞ-C is bounded, and continuous on Rþ: The
following hold:
(i) if p is in ð1;NÞ\f2g; and
sup
t40
;MðtLÞ;
L pðgÞoN; ð3:3Þ
then M extends to a bounded holomorphic function in the sector Sfp and
jjMjjHNðSfp Þp supt40 ;MðtLÞ;L pðgÞ;
(ii) supt40 ;MðtLÞ;L1ðgÞoN if and only if M extends to a bounded holomorphic
function in the half-plane Sp=2; and Mð2iÞ is the Fourier transform of a finite
measure mM on R; supported in ½0;NÞ; furthermore
jjmM jjMðRÞ ¼ sup
t40
;MðtLÞ;
L1ðgÞ:
Proof. First we prove (i). By virtue of (3.3) and of Lemma 3.3(ii), we have that
sup
t40
;MðtLNÞ;L pðgNÞp supt40 ;MðtLÞ;L pðgÞoN:
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Then Theorem 2.1(i) implies that M is holomorphic and bounded on the sector Sfp ;
and that
jjMjjHNðSfp Þp supt40 ;MðtLNÞ;L pðgNÞ;
and (i) follows.
Now we prove (ii). First suppose that supt40 ;MðtLÞ;L1ðgÞoN: By Lemma
3.3(ii), we have that
sup
t40
;MðtLNÞ;L1ðgNÞp supt40 ;MðtLÞ;L1ðgÞoN:
Then Theorem 2.1(i) implies that M extends to a holomorphic function in the half-
plane Sp=2; that Mð2iÞ is the Fourier transform of a ﬁnite measure mM on R; and
that
jjmM jjMðRÞ ¼ sup
t40
;MðtLNÞ;L pðgNÞ:
Thus, we may conclude that
jjmM jjMðRÞp sup
t40
;MðtLÞ;
L pðgÞ; ð3:4Þ
as required to prove one half of (ii).
Now suppose that M extends to a holomorphic function in the half-plane Sp=2;
and that Mð2iÞ is the Fourier transform of a ﬁnite measure mM on R: By
mimicking the proof of one half of Theorem 2.1(ii), we may show that
sup
t40
;MðtLÞ;
L pðgÞpjjmM;MðRÞ; ð3:5Þ
as required to proof the second half of (ii). Finally, (3.4) and (3.5) show that
sup
t40
;MðtLÞ;
L pðgÞ ¼ jjmM jjMðRÞ;
thereby concluding the proof of (ii) and of the theorem. &
Remark 3.6. The conclusion of Theorem 3.5(i) may very well be implied by other
hypotheses on M than its continuity on Rþ: For instance, it sufﬁces to assume that
M be the limit at every point of a sequence of equibounded continuous functions on
Rþ (see the Remark 3.4). However, the assumption that M be a L pðgÞ uniform
spectral multiplier of L is not strong enough to imply that M extends to a
holomorphic function in a neighbourhood of Rþ; as the following example shows.
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Let M : ½0;NÞ-R be deﬁned by
MðxÞ ¼ 1 8xAQ;
0 8xAR\Q:

It is easy to check that
MðtLÞ ¼ I 8tAQ;
0 8tAR\Q:

Thus, M is a L pðgÞ uniform spectral multiplier for every p in ð1;NÞ; but M has no
holomorphic extension to any neighbourhood of the positive real axis.
Remark 3.7. It may be interesting to compare Theorem 3.5(ii) above with
[9, Theorem 3.8], which states that if M is of Laplace transform type, then MðLÞ
extends to a bounded operator from L1ðgÞ to the Lorentz space L1;NðgÞ:
Remark 3.8. It may be worth remarking that Theorem 3.5 extends to the inﬁnite
dimensional Ornstein–Uhlenbeck operator. The proof of this extension is a minor
modiﬁcation of the proof of Theorem 3.5 above.
Remark 3.9. Let fTtgtX0 be a submarkovian semigroup, i.e., assume that Tt is a
self-adjoint operator on L2ðXÞ; where X is a s-ﬁnite measure space, thatTt extends
to a contraction operator on L pðXÞ for all p in ½1;NÞ; and that if f satisﬁes 0pfp1;
then 0pTt fp1: Let G denote the inﬁnitesimal generator of fTtgtX0 on L2ðX Þ: It is
well known [13] that for every p in ð1;NÞ\f2g the semigroup fTtgtX0 extends to a
holomorphic semigroup of angle fp in L
pðXÞ:
It may be shown that if p is in ð1;NÞ\f2g; then there exists a L pðXÞ uniform
spectral multiplier of G which does not continue analytically outside %Sfp :
The proof of this result will appear elsewhere.
An interesting consequence of Theorem 3.5 above is that the analogue for the
Ornstein–Uhlenbeck operator of some classical methods of summation, like the
Riesz means (see (0.2) for the deﬁnition), fail to converge in L pðgÞ for every pa2:
Corollary 3.10. Suppose that p is in ð1;NÞ\f2g and that Re zX0: Then
sup
t40
;RzðtLÞ;L pðgÞ ¼N:
Proof. First suppose that Re z40: By Theorem 3.5, if
sup
t40
;RzðtLÞ;L pðgÞoN;
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then Rz would extend to a holomorphic function on some sector containing the
positive real axis, which is clearly impossible.
Now, if Re z ¼ 0; we observe that Rz is the limit at every point of a sequence of
equibounded continuous functions on Rþ: Then we may proceed as in the case where
Re z40; taking Remark 3.4 into account. &
4. A class of elliptic self-adjoint operators
In this section, we establish necessary conditions for M to be a L p uniform
spectral multiplier of an elliptic operator in divergence form on Rd belonging to a
certain class, which we now introduce.
Let j : Rd-R be a C2 function satisfying the following conditions:
(i) there exist a unit vector u and a positive b0 such that rjðauÞa0 for a4b0;
(ii) for every b40
lim
a-N
sup
jxjpb
r2j auþ xjrjðauÞj
 
jrjðauÞj2 ¼ 0; ð4:1Þ
where r2j denotes the Hessian of j:
Then j is said to be an admissible weight.
The class of admissible weights contains many interesting functions. For instance,
every nonconstant real valued polynomial in Rd is an admissible weight. Admissible
weights may grow very fast at inﬁnity. For instance, the function x/ex is
an admissible weight on R; and the function x/expðjxj2Þ is an admissible weight
on Rd :
The following functions are examples of nonadmissible weights on R:
x/arctan x; x/expðð1þ x2Þ1=2Þ; x/ð1þ x2Þa=2 8aARþ:
For every admissible weight j; let mj be the Borel measure on Rd ; deﬁned by
dmj ¼ ej dl:
We consider the Dirichlet form
Qjð f Þ ¼
Z
Rd
jrf j2dmj 8fACNc ðRdÞ:
By very general results (see, for instance, [6, Theorem 1.2.5]), Qj is the form of the
self-adjoint operator Lj on L2ðmjÞ such that
Ljf ¼ Df þrj  rf 8fACNc ðRÞ:
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Notice that if jðxÞ ¼ jxj2; then the operator 1
2
Lj coincides with the
Ornstein–Uhlenbeck operator L treated in Section 3.
If j is an admissible weight, and a is in Rþ; we denote by *ja the function
deﬁned by
*jaðxÞ ¼ j auþ xjrjðauÞj
 
8xARd ;
and by mja be the Borel measure
dmja ðxÞ ¼ expð *jað0Þ  *jaðxÞÞ dlðxÞ 8xARd :
We consider the Dirichlet form
Qja ð f Þ ¼
Z
Rd
jrf j2dmja 8fACNc ðRÞ;
which is the form of the self-adjoint operator Lja on L
2ðmja Þ such that
Lja f ðxÞ ¼ Df ðxÞ þ r *jaðxÞ  rf ðxÞ 8fACNc ðRÞ:
Lemma 4.1. Suppose that j is an admissible weight. The following hold:
(i) there exist a divergent sequence fakg of positive numbers and a unit vector vN;
such that
lim
k-N
rjðakuÞ
jrjðakuÞj ¼ vN;
(ii) for every b40
lim
k-N
sup
jxjpb
j *jakðxÞ  *jakð0Þ  vN  xj ¼ 0;
(iii) for every b40
lim
k-N
sup
jxjpb
jr *jakðxÞ  vNj ¼ 0; lim
k-N
sup
jxjpb
D *jak ðxÞ ¼ 0;
(iv) for every a40 let Jja be defined by
Jja f ðxÞ ¼ exp 12 ð *jað0Þ  *jaðxÞ þ x  vNÞ
 
f ðxÞ 8fAL2ðmja Þ:
Then Jja is an isometry of L
2ðmja Þ onto L2ðmjNÞ and
lim
k-N
JjakL
j
ak
ðJjakÞ
1
f ¼ Df þ vN  rf 8fACNc ðRdÞ:
Proof. An easy compactness argument proves (i); (ii) and (iii) may be easily proved
by expanding j at aku with Taylor’s formula and using (i) and (4.1).
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Now we prove (iv). It is straightforward to check that Jja is an isometry of L
2ðmja Þ
onto L2ðmjNÞ: Moreover, for each f in CNc ðRdÞ;
Jja ½rððJja Þ1f Þ ¼ rf þ 12 ðvN r *jaÞ f
and
Jja ½DððJja Þ1f Þ ¼ Df  ðvN r *jaÞ  rf þ 12 D *ja þ 14 jr *ja  vNj2
 
f ;
from which we deduce easily the required formula. &
Let vN be as in Lemma 4.1(i) above, and let mjN be the measure on R
d ;
deﬁned by
dmjNðxÞ ¼ expðx  vNÞ dlðxÞ 8xARd :
Consider the Dirichlet form
QjNð f Þ ¼
Z
Rd
jrf j2dmjN 8fACNc ðRdÞ;
and the associated self-adjoint operator
LjN f ðxÞ ¼ Df ðxÞ þ vN  rf ðxÞ
on L2ðmjNÞ:
Lemma 4.2. Let j be an admissible weight. Suppose that M : ½0;NÞ-C is
a bounded Borel measurable function, and that p is in ð1;NÞ: Then the following
hold:
(i) for every a40 and t40
;MðtLja Þ;L pðmja Þ ¼ M
t
jrjðauÞj2L
j
 !





L pðmjÞ
; ð4:2Þ
(ii) if M is continuous on Rþ; then
sup
t40
;MðtLjNÞ;L pðmjNÞp sup
t40
;MðtLjÞ;
L pðmjÞ:
Proof. We ﬁrst prove (i). It is straightforward to check that for each p in ½1;NÞ the
map Va;p : L
pðmjÞ-L pðmja Þ; deﬁned by
Va;p f ðxÞ ¼ jrjðauÞjd=p exp 1
p
jðauÞ
 
f auþ xjrjðauÞj
 
;
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is an isometric isomorphism. A straightforward, though tedious, computation shows
that if a is in Rþ; then
V1a;pL
j
aVa;p ¼
1
jrjðauÞj2L
j:
The rest of the proof of (i) copies the proof of Lemma 3.3.
The proof of (ii) follows the lines of the proof of Lemma 3.3(ii). The only
signiﬁcant change is that we replace the isometry Ja in that proof with the isometry
Jja : L
2ðmja Þ-L2ðmjNÞ deﬁned in Lemma 4.1(i)v. &
Theorem 4.3. Suppose that p is in ½1;NÞ\f2g: Assume that M : ½0;NÞ-C is bounded,
and continuous on Rþ: The following hold:
(i) if p is in ð1;NÞ\f2g; and
sup
t40
;MðtLjÞ;
L pðmjÞoN;
then M extends to a bounded holomorphic function in the sector Sfp and
jjMjjHNðSfp Þp supt40 ;MðtL
jÞ;
L pðmjÞ;
(ii) supt40 ;MðtLjÞ;L1ðmjÞoN if and only if M extends to a bounded holomorphic
function in the half-plane Sp=2; and Mð2iÞ is the Fourier transform of a finite
measure mM on R; supported in ½0;NÞ; furthermore
jjmM jjMðRÞ ¼ sup
t40
;MðtLjÞ;
L1ðmjÞ:
Proof. The proof is almost identical to the proof of Theorem 3.5. We omit the
details. &
As a consequence of this result we obtain the following analogue
of Corollary 3.10, which shows that the method of summation of the
eigenfunction expansion of Lj based on Riesz means fails to converge in L pðmjÞ
for every pa2:
Corollary 4.4. Suppose that p is in ½1;NÞ\f2g; and that Re zX0: Then
sup
t40
;RzðtLjÞ;L pðmjÞ ¼N:
Proof. The proof is almost identical to the proof of Corollary 3.10. We omit the
details. &
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5. Bounds for the Lp norm of imaginary powers
In this section we determine lower bounds for the L pðmjÞ operator norm of the
imaginary powers of Lj: As a consequence, we show that Lj does not admit an
HN functional calculus on sectors smaller than Sfp : A basic ingredient is an estimate
for the L pðmjNÞ operator norm of the imaginary powers of LjN; given in the
following theorem. Recall that the function Mu is deﬁned in (0.3).
Theorem 5.1. Suppose that dX1; that p is in ð1;NÞ\f2g: The following hold:
(i) ef

pjujp;MuðLNÞ;L pðgNÞ 8uAR;
(ii) if j is an admissible weight, then
ef

pjujp;MuðLjNÞ;L pðmjNÞ 8uAR:
Proof. First we prove (i). We may assume that p is in ð1; 2Þ; because the bound for p
in ð2;NÞ will follow by duality. Observe that
ef

pjuj ¼ jjðMu3FÞð þ ij2=p  1jÞjjM2ðRd Þ
p jjðMu3FÞð þ ij2=p  1jÞjjMpðRd Þ
ðby Theorem 2:1Þ ¼;MuðLNÞ;L pðgNÞ 8uAR;
as required.
Next we prove (ii). We ﬁrst observe that LjN and m
j
N depend on j via the
direction vN: Let r be a rotation which maps u to vN; and denote by Rr the induced
map on smooth functions, i.e.,
Rr f ðxÞ ¼ f ðr1xÞ 8xARd :
Clearly, Rr extends to an isometry on L
pðmjNÞ and on L pðgNÞ for every p in ½1;NÞ:
Moreover, it is easy to check that
R1r LNRr ¼LjN:
Therefore,
;MuðLjNÞ;L pðmjNÞ ¼ ;MuðLNÞ;L pðgNÞ 8uAR;
and (ii) follows from (i). &
Theorem 5.2. Suppose that p is in ð1;NÞ; and that j is an admissible weight. The
following hold:
(i) ;MuðLjÞ;L pðmjÞXef

pjuj 8uAR;
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(ii) if cofp; the operator Lj does not admit an HNðScÞ functional calculus in
L pðmjÞ:
Proof. First we prove (i). Note that MuðtlÞ ¼ tiuMuðlÞ; so
sup
t40
;MuðtLjÞ;L pðmjÞ ¼ sup
t40
jtiuj;MuðLjÞ;L pðmjÞ
¼;MuðLjÞ;L pðmjÞ:
By Theorem 4.3 (i),
ef

pjuj ¼ sup
zASfp
jMuðzÞj
p sup
t40
;MuðtLjÞ;L pðmjÞ
¼;MuðLjÞ;L pðmjÞ;
and (i) is proved.
Now we prove (ii). We argue by contradiction. Suppose that Lj admits an
HNðScÞ functional calculus in L pðmjÞ for some cofp: Then, by (i)
ef

pjujp;MuðLjÞ;L pðmjÞ
pC sup
zASc
jliuj
pC ecjuj 8uAR;
which contradicts the hypothesis cofp when juj is large. &
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